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a b s t r a c t
The quantum-classical transition problem is investigated for the quartic oscillator coupled
to a thermal reservoir. We show for this model that the combination of relevant diffusion,
classical action (represented by the amplitude of an initial coherent state) and the
experimental uncertainties is necessary to achieve the classical regime. In order to
study the role of limited resolutions of measurement apparatuses on the correspondence
between the quantum and classical dynamics, we consider experimental errors due the
preparation of the initial state of the quartic oscillator and the inaccuracies in the time
measurements. A quantum break time depending on the diffusion constant, the amplitude
of the initial coherent state and the inaccuracy of measurements is defined. We found,
for this model, a regime where the increasing of diffusion does not anticipate classicality.
In such regime, there is a minimum value for the classical action associated to classical
behavior of the system.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
The problem of the classical limit of quantum mechanics arose at its foundation. Basically, this problem can be assigned
to the absence of observations of quantum effects in the macroscopic level. For example, considering the universality
of quantum mechanics, it could be possible to observe coherent superpositions of distinguishable macroscopic states or,
ultimately, entanglement between macroscopic objects. The first try at solving this puzzle was due to Bohr in 1923 [1]. It is
known as the Correspondence Principle and it consists of two statements:
1. ‘‘Quantum mechanical predictions must correspond to classical ones in the limit of large quantum numbers’’.
2. ‘‘A selection rule must be valid for all possible quantum numbers. Thus, a selection rule must be valid for classical and
quantum regimes’’.
Recently, the requirement of large quantum numbers in order to obtain the correspondence between classical and quantum
predictions acquires a more precise formulation if it is substituted by the limit of large classical action [2].
The Correspondence Principle has stood as themain argument for the explanation of the appearance of the classicalworld
from quantum mechanics for many years. However, despite the empirical success of quantum mechanics, nowadays it is
largely accepted the inadequacy of its standard (or orthodox) interpretation. On the one hand, some recent experimental
findings put in evidence the quantum behavior of mesoscopic systems [3,4], indicating the diffuse character of the
quantum–classical border. On the other hand, the standard formalism fails to provide suitable answer to the wavefunction
collapse, a problem known as the measurement problem of quantum mechanics. In some way, a coherent superposition of
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eigenstates of an observable should collapse into one of these eigenstates after a measurement, but no physical mechanism
associated to this collapse is known. The measurement problem plays a central role in the quantum-to-classical transition’s
issues. In fact, if one admits that no border does exist between the micro and macroscopic scales, how does one explain the
absence of macroscopic objects existing in a superposition of states? Another difficulty involved in the standard treatment
of the quantum-to-classical transition arises in the case of two or more degrees of freedom. By virtue of the superposition
principle, in general, states ofmultipartite systems are entangled. As a consequence, non-local correlations can be established
between parts of the global system.
The limitations of the standard formalism of quantum mechanics become remarkable in the case of the dynamics of
physical systems that have nonlinear or chaotic classical counterparts. The quantum corrections to the classical dynamics
of some of these systems become important in a short time scale, even though the limits required by the Correspondence
Principle were satisfied [5–7]. For these cases, the short timescale of the correspondence between the quantum and classical
dynamics is due to the rapid powdering of an initially localized wavepacket into pieces through the phase space and the
appearing of quantum interference between them in fine-structured regions.
In the last three decades, one has witnessed some progress in the theoretical and experimental investigations on
alternative formulations and/or interpretations of quantum mechanics in order to fill the gaps yielded by the orthodox
framework. One of the most successful achievements of this research resorts to explain the emergence of the classical
description from the quantummechanics taking into account the coupling of amacroscopic system and its environment [8–
10]. This mechanism is responsible for the phenomenon known as decoherence, characterized by the rapid and irreversible
evolution of coherent quantum superpositions into statistical mixtures. Actually, it is largely accepted that decoherence,
which is an inherently quantum process [11] and does not exist in classical mechanics, works as a selection rule for the
transition from quantum to classical. Some authors [12–14] advocate the central role played by decoherence in order to
restore the correspondence between quantum and classical descriptions in the dynamics of nonlinear or chaotic systems.
Moreover, as the authors of Ref. [12] have conjectured, the classical limit induced by decoherence exhibits different
behaviors for open regular and chaotic systems. For example, for a regular system, the entropy production rate depends
only on the strength of the coupling with the environment. For a chaotic system, this coupling has some importance in
short times; for long times, however, the nature of the dynamical properties dominates the entropy production rate. These
predictionswere studied in Ref. [14] and the results obtained there for a particular chaoticmodel give some support to them.
Recently, the emergence of the classical description from quantummechanics has been considered as a result of limited
accuracies of experimental apparatuses in the observation of the subtle quantum behavior of macroscopic systems [15,
16]. According to this new theoretical approach, the limited resolution of a realistic measurement process of an observable
introduces a kind of coarse-graining on the outcomes that blurs the distinguishability of different states available to the
physical system. Thus, the classical world emerges as a consequence of intrinsic inaccuracies that avoid the observer to
resolve the quantum features at the macroscopic level. The byproducts of this theoretical model have been explored in the
literature. Recently, it was reported that the detection of entanglement between micro and macrosystems is hampered by
measurement inaccuracies [17].
The ideas proposed in order to give suitable answers to the problemof the quantum-to-classical transition outlined above
motivated us to inquiry about the combined effects of decoherence and inaccuracies ofmeasurements on the correspondence
of the two descriptions. In fact, isolated systems andmeasurements with unlimited accuracy are mere idealizations, even in
the classic realm.Moreover, each theoretical approach canmakeuse of the other to fill its owngaps. Thus, themain goal of the
present contribution is to investigate the role of experimental errors and of environment in the quantum–classical transition
problem. In order to do this task, we chose, as a laboratory, the model of the quartic oscillator coupled to a purely diffusive
environment. The reasons for such choice are three: firstly, the unitary dynamics of the quartic oscillator model exhibits
a wealth of quantum features like revivals and the appearing of Schrödinger cat states. Secondly, even in the non-unitary
case, both versions of the equations of motion have exact solutions [18–22]. Finally, the diffusive environment induces the
expected gradual damping of the quantum effects during the evolution of a classically allowed initial state. The investigation
of the correspondence principle employing a quartic oscillator coupled to a diffusive phase reservoir and taking into account
the limited experimental resolution is found in Ref. [23], with a different focus from the one in the present contribution.
This work is organized as follows: the dynamics of quartic oscillator is analyzed in the next section. There, we found
evidence that for the classical case the effects of diffusion become less relevant when the action increases; on the other
hand, such effects stay important in the quantum description. In Section 3, the classical limit of the quartic oscillator is
studied: after we have defined a suited function for calculating quantum break time, we analyze how this time is influenced
by action, diffusion, and inaccuracies related to the initial position and momentum and to the measurement of time. The
numerical investigations performed suggest that classicality is achieved when many ingredients are taken into account.
2. Classical and quantum quartic oscillator: model and dynamics
A quantum system is never isolated: it is always interacting with the surrounding environment. Thus we do not expect
that a macroscopic system obeys Schrödinger equation. In spite of that, small systems can be treated as isolated in good
approximation, as trapped ions [24]. Due to the complexity of physical systems with the environment included, we are
forced to make several assumptions, and what is frequently done is to treat the environment as a collection of harmonic
oscillators [25].
5084 A.C. Oliveira et al. / Physica A 391 (2012) 5082–5089
In the present contribution, we use as a model the quartic oscillator coupled to a bath of harmonic oscillators in
equilibrium at temperature T . This is described by the Hamiltonian
Hˆq = HˆS + HˆE + Hˆint,
where
HˆS = ωaˆĎaˆ+ λ

aˆĎ
2 aˆ2
is the Hamiltonian that governs the free evolution of the system of interest,
HˆE =

j
ωjbˆ
Ď
j bˆj
concerns the set of environmental harmonic oscillators, and
Hˆint =

j
gj(bˆjaˆĎ + bˆĎj aˆ)
stands for the interaction between the system of interest and the environment. In the above equations, ω is the natural
frequency of the main oscillator, λ is the non-linear strength constant,ωj is the natural frequency of the j-th oscillator of the
bath, gj is the coupling constant between the j-th bath oscillator and the system, and we set h¯ = 1.
In the limit of weak coupling and vanishing memory effects, we derive the following master equation governing the
dynamics of the system of interest:
ρ˙s(t) = −iω

aˆĎaˆ, ρs(t)
− iλ aˆĎaˆ2 , ρs(t)+ k(n¯+ 1) 2aˆρs(t)aˆĎ − aˆĎaˆρs(t)− ρs(t)aˆĎaˆ
+ kn¯ 2aˆĎρs(t)aˆ− aˆaˆĎρs(t)− ρs(t)aˆaˆĎ . (1)
Here, k is the dissipation constant and n¯ is the bath mean photon number. We consider the limit of n¯ →∞ and k → 0 in a
such way that the product kn¯ = κ is a constant. The master equation becomes
ρ˙s(t) = −iω

aˆĎaˆ, ρs(t)
− iλ aˆĎaˆ2 , ρs(t)+ 2κ aˆρs(t)aˆĎ + aˆĎρs(t)aˆ− aˆĎaˆρs(t)− ρs (t) aˆĎaˆ− ρs(t) . (2)
In this limit, the dynamics of the system of interest is purely diffusive.
The solution of Eq. (2) reads [22,26]:
ρs(t) =

l

j

p,q
ρp+j,q+j
√
(p+ j)!(q+ j)!(p+ l)!(q+ l)!
p!q!l!j! γ
j+l(p− q, t)ζ p+q+1(p− q, t)
× exp[−i(p− q)(ω − λ)t] |p+ l⟩ ⟨q+ l| , (3)
where ρm,n = ⟨m| ρs(0) |n⟩ and |n⟩ are the harmonic oscillator eigenstates. The functions γ (n, t) and ζ (n, t) are given by
γ (n, t) = 2κ sinh(1t)
1 cosh(1t)+ (iλn+ 2κ) sinh(1t) ,
ζ (n, t) = ∆
1 cosh(1t)+ (iλn+ 2κ) sinh(1t) ,
where∆ = (iλn+ 2κ)2 − 4κ2. For initial coherent state |α⟩, we have the expectation values

aˆ(t)
 = α exp− |α|2 1− γ (1, t)− ζ 2 (1, t)
1− γ (1, t)

− i (ω − λ) t

ζ (1, t)
1− γ (1, t)
2
. (4)
The master equation (2) corresponds to a generalized Fokker–Planck equation to the Wigner’s quasi-probability
function1:
W˙ (η, t) = −i(ϖ + 2λ |η|2)

η∗
∂
η∗
− η ∂
∂η

W (η, t)− iλ
4

η
∂3
∂η2∂η∗
− η∗ ∂
3
∂η∗2∂η

W (η, t)
+ 2κ ∂
2
∂η∂η∗
W (η, t), (5)
whereϖ = ω − λ. The classical master equation equivalent to (5) is given by
∂
∂t
σc(α, t) = 2κ ∂
2σc(α, t)
∂α∗∂α
− {H0, σc(α, t)} . (6)
1 A detailed study of this model is found in Refs. [22,26,27].
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Fig. 1. Time evolution of classical (dotted line) and quantum (full line) position expectation values for ω = 0 and two values of κ: (a) κ = 0 and (b)
κ/λ = 0.05. The classical initial state is given by Eq. (7) and the quantum initial state is a coherent state with amplitude α0 = q0 + ip0 . We set p0 = 0 and
q0 = 3.
Here, α = (q+ ip)/√2, σc(α, t) is the classical probability density, {·, ·} stands for the Poisson brackets, andH0 = h¯ω |α|2+
h¯λ |α|4 is the Hamiltonian of the system of interest [26]. For an initial Gaussian state centered in α0 = (q0 + ip0) /
√
2,
σc(α, 0) = 1
π
e−(q−q0)
2
e−(p−p0)
2
, (7)
the expectation value of α can be easily found and is given by
⟨α(t)⟩c = e−iωt

1
2

q0 + ip0
A(t)2

exp

q20 + p20
A(t)
−

q20 + p20

2κt + 1

, (8)
where A(t) = iλt + 12κt+1 .
3. Classical limit of the quartic oscillator: quantum break time
In Fig. 1, we display the comparison between the quantum and classical dynamics with and without diffusion. As we can
see, the environment eliminates the revival, which is a quantum signature of this model; it is easy to show that it also turns
the quantum state into a statistical mixture [26]. Despite the revival seems to have disappeared, in fact it did not, as it is
shown in Ref. [26]. If we enhance the classical action, the revival will be attenuated more and more, and we can imagine
that for an infinity classical action it should disappear. This corresponds to a kind ofmathematical limit since infinity actions
cannot be found in laboratories. Does it mean that the classical limit cannot be reached? Our answer to this question is
not. In general, people tacitly agree that experimental errors are the fundamental tool to resolve this issue; in the present
contribution, we deal with this point in an objective way. Even classically we are forced to treat the system statistically, as
uncertainties are unavoidable and play an important role in the quantum–classical transition problem [28–30]. In fact, there
are many sources of errors, but we can basically define two kinds of them: measurement and noise errors, and uncertainty
relations [31].
It is common to find in the literature a quantity known as Quantum–Classical Separation Time or Quantum Break Time
(QBT) [30,32–37]. The idea is based on the Ehrenfest theorem. One defines an observable, such as position, momentum or
Wigner function and compare with its classical analogue. Suppose we choose position. If we display the relation between
the quantum expectation value

Xˆ

q
(t) and its classical analogue ⟨X⟩c (t) in the form
Xˆ

q
(t) = ⟨X⟩c (t)

1+ Fq(t)

,
the function Fq(t) can be interpreted as the quantum–classical correction [32]. Writing Fq (t) as2
Fq(t) =
∞
m=2
1
m!
∂mFq
∂tm

t=0
tm, (9)
2 In general, Fq(t) depends on the initial state, but it is common to have null first order term in the expansion that follows [32]. This is the case for this
model.
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Fig. 2. Time evolution of deviation D2 (in plots (a) and (b) D2 = D1). The classical initial state is given by Eq. (7) and the quantum initial state is a coherent
state with amplitude α0 = q0 + ip0 . We set p0 = 0, q0 = 3 (dotted line) or q0 = 10 (full line), δq = δp = 0, ω = 0 and (a) κ = 0 and δt = 0, (b)
κ/λ = 0.001 and δt = 0, (c) κ = 0 and λδt = 0.01, (d) κ/λ = 0.001 and λδt = 0.01.
we see that the Quantum Break Time defined as
tq =

1
2
∂2Fq
∂t2

t=0
− 12
(10)
gives the time scale where the quantum corrections are of the same order of the classical value. Although such a time scale
is widely used as a separation time, this is not a good choice for the quartic oscillator, as it is exemplified in Fig. 1, for whose
parameters λtq ≈ 0.16. Indeed, this breaking time is approximately similar to the Ehrenfest time for this model, presenting
the same problems as analyzed in Refs. [28,29,32].
In the analysis of the classical–quantum separation, Fq(t) must be compared with the resolution of the measurement
apparatus, which is not always connected to the value of the variable being measured: particularly, when this variable is
close to zero, the resolution of the device cannot keep up indefinitely. In fact, the resolution of the apparatus is related,
among other factors, to the highest value it must be able to measure. So, an indicator of classicality is the deviation
D1(t) =


Xˆ

q
(t)− ⟨X⟩c (t)
⟨X⟩max
 .
This gives the importance of the

Xˆ

q
(t)− ⟨X⟩c (t) in a scale defined by ⟨X⟩max, the maximum value assumed by ⟨X⟩c (t). In
Fig. 2(a) we see that the larger |q0|, the smaller the deviation. It is usually assumed that the action of the environment is not
more important than the free dynamics of the system; for the present model, this means that the constant κ is smaller than
ω or λ. As it is exemplified in Fig. 2(b), under such assumptions diffusion does not change in a significant way the behavior
of D1. Thus, we are led again to the idea of infinity actions to obtain the classical limit. Nevertheless, the difference between
the classical and quantum curves of Fig. 1(b) really seems to be negligible. In fact, we have to pay attention to the meaning
of the words ‘‘seems to be negligible’’: they are related to what is not detectable by the experimental apparatus. Thus, in
order to define a more significative QBT, we will have to take experimental errors into account.
Consider that the statistics for the expected results of a measurement of the position of the quartic oscillator described
according to the classical mechanics depends on the time t , the initial position q0 and the initial momentum p0, as well as on
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Fig. 3. Same as Fig. 2 for a different time window, around the first revival.
their uncertainties δt, δq and δp. Let us take Ac(t, q0, p0, δt, δq, δp) as the set of expected values for such a measurement,
calculated numerically. A new deviation function D2(t) can be defined as
D2(t) =

0 if

Xˆ

q
(t) ∈ [Xmin(t), Xmax(t)]
D1(t) otherwise,
(11)
where Xmin(t) = min{Ac(t, q0, p0, δt, δq, δp)}, and Xmax(t) = max{Ac(t, q0, p0, δt, δq, δp)}. The classical regime can now
be defined in an objective way: it is associated to periods where D2(t) is zero. In our numerical investigations, we noticed
that, for this model, uncertainties related to the elapsed time produce more relevant effects. Thus, in what follows, we focus
mainly in the role of the time uncertainties. As we can see in Fig. 2(c) and (d), for short time diffusion plays no role and
the classical regime will be mainly related to the action. In Fig. 3 we have the same as in Fig. 2 for a time window located
around the quantum revival. As we clearly see, diffusion is essential to obtain the classical regime for longer times. Thus, we
conclude that classical limit can be attained as we enhance the classical action and also include the environment.
Let us consider the set of times with nonvanishing deviation D2,
B(q0, p0, δt, δq, δp) = {t : D2(t) ≠ 0}. (12)
The QBT considering inaccuracies can be formally defined as the greatest lower bound of the set of time values B defined
above, in the limit of a large number of fuzzy measurements performed on the oscillator in the time t , considering fixed the
parameters q0, p0, δt, δq, and δp, i.e.,
tb = inf
N→∞
{B(q0, p0, δt, δq, δp)} , (13)
where N is the number of elements of the set B. This is the minimum time in which we expect to detect a separation from
quantum to classical, considering experimental limitations. A better setup of the experiment may lead to a shorter QBT. In
Fig. 4(a), the dependence of QBT with the initial position q0 is investigated for a fixed value of δt . The full line corresponds
to the case without diffusion. It presents three different behaviors, corresponding to three well defined intervals. In the
first one the break happens during the damping of the initial oscillations. The second interval, where the curve presents
a relatively high slope, corresponds to the ‘‘dead’’ period where the oscillations are very low. The last region is related to
classical–quantum separation taking place in the first revival. When we include dissipation (dotted line in Fig. 4(a)), a forth
behavior appears: the QBT diverges for sufficiently high q0. This reflects the fact that if the break does not take place at the
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Fig. 4. Quantum break time (in units of 1/λ) as a function of q0 for ω = 0, p0 = 0 and δq = δp = 0. (a) λδt = 0.05 and κ = 0 (full line) and κ/λ = 0.005
(dotted line). (b) κ/λ = 0.005 and λδt = 0.01 (full line), λδt = 0.02 (dotted line) and λδt = 0.05 (dashed line). (c) λδt = 0.05 and κ/λ = 0.003 (full
line), κ/λ = 0.005 (dotted line), κ/λ = 0.01 (dashed line) and κ/λ = 0.025 (dash–dot line).
Fig. 5. Minimum initial position beyond which the system behaves classically, qC , as a function of the diffusion constant κ/λ for ω = 0, p0 = 0, δq =
δp = 0 and λδt = 0.05.
first revival, there will be no separation. Notice that there is a well defined value of q0 beyond which the system, concerning
this observable, behaves classically. This is in accordance with the idea that quantum and classical descriptions approach
each other for large quantum numbers. From now on, such value of q0 will be denoted by qC . With the help of Fig. 4(b), we
see that QBT increases when δt is enhanced, what leads the intervals described above to be related to lower regions of q0,
leading to a decreasing qC . Decreasing qC is also found when the diffusion is enhanced (see Fig. 4(c)), with an important
difference: there is a lower bound related to the end of the first region (q0 ≈ 4 for the parameters of Fig. 4(c)). This can be
understood as consequence of two factors: (1) beyond a given value of the diffusion constant, the revival is so attenuated
that it does not produce the classical–quantum separation; (2) the short time dynamics is not appreciably influenced by
diffusion at the magnitude order we are considering here. Such behavior is shown in Fig. 5.
A.C. Oliveira et al. / Physica A 391 (2012) 5082–5089 5089
4. Concluding remarks
The quartic oscillator is an integrable nonlinear model. For Gaussian states, nonlinearity is responsible for the quantum
signature. We chose the expected value of position as the observable to be analyzed and found that the agreement between
quantum and classical mechanics is achieved through the convergence of three factors: large actions, the interaction with
the environment and experimental observation limitations. Large classical actions are important for classicality during the
whole dynamics, but it is not a sufficient condition: diffusion plays an essential role due to the presence of the revival in the
quantum case. Deviations between quantum and classical dynamics are not detectable if we take experimental limitations
into account.
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